Topology optimization often incorporates a reliability analysis to take the randomness in the design parameters into account. This strategy is inherently a double-loop procedure due to the probabilistic constraints in optimization. To simplify the calculation procedure, an equivalent-deterministic constraint, which is constructed by adding a penalty on the right hand side (RHS) of a limit state function, is used to reformulate a reliability-based topology optimization (RBTO) problem into a deterministic topology optimization (DTO) problem. To obtain a converged solution, the DTO and the search of equivalent-deterministic constraints must be executed iteratively. The accuracy and efficiency of the proposed approach are investigated through several numerical examples. Results indicated that the proposed algorithm is able to deliver an optimal topology with predefined reliability. Furthermore, one can incorporate the proposed algorithm with existing software to facilitate the design process.
Introduction
The purpose of structural optimization is to search for the most efficient structure while satisfying certain constraints. The best structure can be defined as a structure that provides minimum compliance with a prescribed volume or a structure of minimum volume with a prescribed deformation/stress. Problems of sizing, shape and topology optimization address different aspects of structural design. This study focuses on the topic of topology optimization. Several approaches have been developed to solve the problem of deterministic topology optimization (DTO). For example, Chapman et al. (1) and Kim and Weck (2) used a genetic algorithm (GA) approach to solve a DTO; Sigmund (3) and Luo et al. (4) incorporated a gradient-based algorithm to conduct a DTO; and Li et al. (5) , Chu et al. (6) , Yang et al. (7) and Huang and Xie (8) used an evolutionary structural optimization (ESO) approach to consider discrete design variables directly in a DTO. DTO does not consider the randomness/uncertainty in the design variables/parameters while optimizing the structure. If a probabilistic approach is used to measure the randomness/uncertainty, the performance of a DTO optimum often fails to meet the design target. In addition, an optimal topology that considers uncertainty is usually different than those obtained from DTO (Kim et al. (9) ; Jung and Cho (10) ; Kharmanda et al. (11) ). Many engineers use the results of topology optimization as their starting point in product design. Therefore, it is better to use the outcomes obtained from reliability-based topology optimization (RBTO) to initiate a new design. RBTO incorporates probabilistic analysis into the topology optimization process to take into account the uncertainties in random design parameters. A typical approach of RBTO is a nested double-loop approach, where the outer loop conducts optimization and the inner loop performs probabilistic analysis. The computational cost of a double-loop approach is usually expensive. In addition, topology optimization inherently possesses a large number of design variables, which increase the problem size. Several researchers have proposed approaches to lessen the computational burden in the double-loop calculation. One way to avoid the reliability analysis in the inner loop is the single-loop approach. Mogami et al. (12) have summarized many single-loop approaches to solve reliability-based design optimization (RBDO) problems, such as the Single Loop Single Variable (SLSV) method and the Safety-Factor Approach (SFA). All of these approaches have been successfully developed to avoid having to calculate the reliability index during the optimization process. Thus, the computational cost of an RBDO problem can be reduced. In addition, Mariana et al. (13) proposed a variant of the single-loop method for an RBTO problem, in which the sensitivity analysis is simplified and which can be used by existing DTO software.
Another common strategy to lessen the computational burden is the decoupling/decomposing approach. Du and Chen (14) proposed the Sequential Optimization and Reliability Assessment (SORA) method, in which the two major calculations in RBDO, reliability analysis and optimization, were decomposed. After decomposing these two calculations, they were executed separately and sequentially until a converged solution was obtained. Kharmanda et al. (11) applied the decomposition concept to RBTO to consider randomness in design parameters. The design domain in their study was not predefined, and the target reliability was satisfied by varying the design domain. Liao and Ha (15) incorporated the mean value analysis to improve the efficiency of the SORA. The current study develops another decomposing algorithm in which the probabilistic constraints in RBTO are replaced by corresponding equivalent-deterministic constraints. The design domain of the considered RBTO problem is predefined, which is the most common situation in practical engineering. In general, the probabilistic constraints vary for given design points. To capture the variable probability, the double-loop RBTO performs a reliability analysis at each design point. In contrast, the idea of decoupled approaches assumes that the equivalent-deterministic constraints are identical for a given design point. Thus, an iterative procedure is necessary. The general procedure of the proposed method can be briefly described as a three-step procedure. More detail is provided in the section that discusses the proposed algorithm. First, the equivalent-deterministic constraints are found via an optimization approach. The goal of this optimization task is to minimize the difference between the required reliability and the reliability of the current design by modifying the right hand side (RHS) of limit state functions. Second, the RBTO problem is reformulated as an equivalent DTO problem by replacing the probabilistic constraints with the equivalent-deterministic constraints found in Step 1. The third step is to conduct the revised DTO problem formulated in Step 2. Then, Step 1 to Step 3 are repeated until the solution converges.
In recent years, the development of commercial software has steadily increased, including the analysis module of DTO and reliability analysis. In practice, engineers are more familiar with the operation of CAE-based software than the theory behind it. For example, Sawai and Aoyama (16) propose a digital engineering method for design evaluation using a CAE system (SolidWorks). The proposed algorithm of this study is amenable to implementation with existing DTO and reliability analysis software. Therefore, engineers can optimize designs using RBTO with tools they already have. Several numerical examples are provided and analyzed by both in-house codes and commercial software. The numerical examples analyzed by in-house codes are intended to show the accuracy and efficiency of the proposed algorithm. The example analyzed by commercial software demonstrates the advantage of combining the proposed algorithm with existing tools. The body of this paper includes the following: first, it formulates the problem of DTO and RBTO; second, it describes the details of the proposed RBTO; and third, it gives numerical examples to show the success of the proposed RBTO and the application of the algorithm with commercial software. This paper ends with the conclusions.
Formulation of DTO & RBTO

Formulation of DTO
Many topology optimization methods have been developed in recent years, including (1) the continuum approach, which is described in the following paragraph; (2) the GA approach, which might not be trapped in the local optima if the initial population and mutation rate are sufficiently large, though a possible drawback of GA approach is that an exhaustive search may be needed; and (3) the ESO approach, which deals directly with discrete design variables. The main idea of ESO approach is to systematically remove ineffective elements by checking the prescribed stress ratio.
The continuum approach, such as the homogenization based method, also known as the microstructure approach, converts the discrete problem into a continuous one by introducing a microscopically composite material. An alternative continuum approach to topology optimization is a simplified isotropic material with penalization (SIMP), also known as the power-law approach, which converts the discrete problem into a continuous one by employing interpolation functions; both approaches can utilize the existing gradient-based optimization methodology to save cost in developing the DTO/RBTO algorithm (Yang et al. (7) ). With gradient constraints or the filtering technique, the existence of the SIMP solution is assured (Sigmund (3) ).
Of the many available topology methodologies, the SIMP approach is used in this study. In this approach, the design domain is first discretized by meshing a finite element model. The density is assumed to be constant within a single element and has a value between zero and one. The material property of each element is assumed to be proportional to the relative density to the power of the penalty number (e.g., 1, 2, 3 or 4). A larger penalty number has a greater tendency to drive the density of each element to either zero or one. The design variables in the SIMP approach are the relative densities of each element. If the objective of optimization is to minimize the compliance of the structure with limitations on the total structure volume, a DTO problem based on the SIMP approach can be described as follows:
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in which U and F are the global displacement and force vectors, K is the global stiffness matrix, x e is the design variable of element e, p is the penalty number, N is the total number of elements in the model, and u e and k 0 represent the displacement and stiffness matrix of element e, respectively. V(x) and V 0 are the total model volume and the original volume, respectively, and f V is the prescribed volume ratio. x min is the minimum density to prevent the numerical singularity.
Another possible formulation of a DTO is a structure of minimum cost, which can be described as follows:
Here, δ max represents the global displacement at the specified location of the structure, and δ target represents the allowable displacement.
Formulation of RBTO
If the variability in design parameters is considered during the optimization process, the constraints must be examined in the manner of a probabilistic formulation. If the reliability index approach (RIA) is used for the reliability analysis in RBTO, Equation (2) is reformulated as below:
Here, prob represents the probability, and prob target represents the required reliability. If the performance measure approach (PMA) is used for the reliability analysis in RBTO, Equation (2) is reformulated as below:
Here, g i α represents the limit state function values corresponding to α, and α denotes the probability of constraint satisfaction. Equations (3) and (4) state the procedure of RBTO as a nested analysis. The use of PMA to evaluate the probability constraints has been widely accepted as a more efficient calculation method compared to using RIA (Mogami et al. (12) ).
It must be emphasized that a gradient-based optimization algorithm has not yet been proven to ensure the convergence of Eqs. (3) and (4), but numerous applications in the current study and others (Jung and Cho (10) and Luo et al. (4) ) have demonstrated that the gradient-based optimization algorithm practically delivers a satisfactory optimal topology.
The Description of the Proposed Algorithm
As introduced earlier, many algorithms have been proposed to solve an RBDO problem. Many researchers (Aoues and Chateauneuf (17) and Li et al. (18) ) have categorized these algorithms into three groups: the double-loop approach (known also as two-level approach), the single-loop approach (known also as mono-level approach) and the decoupled approach (known also as decomposed approach). Techniques used to decouple/decompose the reliability analysis and optimization in an RBDO problem can be further divided into two groups: modifying the limit state function or not. Approaches without modifying limit state functions often utilize the most probable point (MPP) or similar concept to decouple reliability analysis and optimization. Examples using this technique are as follows: Du and Chen (14) , Liao and Lu (19) , Sues and Cesare (20) , Kharmanda et al. (11) and Liao and Ha (15) .
The current study decomposes an RBDO/RBTO problem through modifying the limit state functions. Many reliability analyses, such as subset simulation (21) and enhanced Monte Carlo Simulation (22) , also modified the limit state functions to obtain the reliability of a given limit state function. The purpose of modifying limit state functions for subset simulation and enhanced Monte Carlo Simulation is to avoid a small probability calculation. The reason of modifying the limit state functions in current study is to find deterministic equations that are equivalent to the probabilistic equations. Tu et al. (23) , Zou and Mahadevan (24) and Li et al. (18) also decoupled an RBDO problem through revising the limit state functions. Tu et al. (23) and Zou and Mahadevan (24) approximated the limit state functions by using Taylor expansion which is apparently different with the current study. Li et al. (18) modified the RHS value to find the equivalent-deterministic constraints. The current study also modifies the RHS values to decouple (decompose) an RBDO problem. Approaches of Li et al. (18) and the current study are introduced below. Differences between these two algorithms are then revealed.
Decomposition of Optimization & Reliability Analysis
A general formulation of a RBTO model described by Eq. (5) is used to demonstrate the concept of decomposition proposed here, where f is the design objective, D is the vector of design variable, P is the vector of random design variable to represent the uncertainty in design variable, X is the vector of random design parameter, G is the constraint function, α i is the reliability requirement for the i th constraint and m denotes the number of probability constraints:
The probabilistic constraints in Eq. (5) are ensured by evaluating the equations, prob{G i (D, P, X) ≤ 0}. This study converted the probabilistic constraints in Eq. (5) into a set of equivalent-deterministic constraints (G ei (D, P µ , X µ ) ≤θ i ). The typical RBTO formulation defined in Eq. (5) is reformulated as Eq. (6):
Here, θ i is the RHS of equivalent-deterministic constraints depending on the design variable, P µ and X µ are the mean value of the random design variable and the random parameter. Assuming that the θ i for each design trial remains the same, Equation (6) is evaluated as a DTO problem. This assumption is apparently not held in many cases. Thus, after the analysis of the equivalent-DTO is complete, another iteration may be needed to ensure that the final design is converged. An "iteration" in this study refers to analyses that seek the equivalent-deterministic constraints and a single DTO calculation. Determination of θ i is illustrated in Section 3.2.
The Search of the Equivalent-Deterministic Constraints
The purpose of the equivalent-deterministic constraints is to drive the optimal design of a DTO problem to the vicinity of the probabilistic constraints. Li et al. (18) determined an equivalent-deterministic constraint for a given design by adding a penalty on the RHS of a limit state function. For example, the equivalent-deterministic constraint for prob{G(D, P, (5) is described as follows. th iteration, β t is the target reliability index and the penalty is displayed in Eq. (8).
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Please note that the approach proposed by Li et al. (18) is not limited to first order reliability analysis (FORM) although the reliability index is shown in Eqs. (7) and (8).
Simulation technique such as Monte-Carlo simulation (MCS) is applicable to Eq. (7) by replacing the β k-1 (or β k-2 ) with the corresponding reliability level.
It is seen that Li et al. (18) proposed a linear relationship between the RHS value and the reliability index (or reliability level). Thus, the RHS value at k th iteration (θ k ) is obtained through a linear extrapolation as shown in Eq. (9).
Instead of using a linear relationship between RHS value and the reliability index, this study determine the value of θ k using Eq. (10).
where ε is the penalty used in current study and is calculated by Eq. (11) . A sign selection is needed in Eq. (11) and that depends on the location of current design. If the current design is located at the safety domain, a negative sign is used. Otherwise, a positive sign should be used.
where θ is the RHS value of the original (unmodified) limit state function, k C is determined through an optimization as indicated in Eq. (12).
in which n is the number of the limit state function and D is the design variables, which is a solution from previous deterministic optimization and is therefore, a set of constant numbers. P is the vector of random design variable, X is the vector of random design parameter. Equation (12) is an unconstrained optimization problem. The goal of Eqs. (10), (11) and (12) is to find the equivalent-deterministic limit state function at the previous optimal solution by modifying the RHS value.
The purpose of using penalty in Li et al (18) and this study is to move the limit state functions to locations with target reliability by modifying the RHS values. As mentioned earlier, Li et al (18) used a linear extrapolation to find the penalty. In this study, penalty is the difference between θ and k C . Please note that for a given design, reliability evaluation is conducted through the original limit state functions. Thus, θ can be considered as an index to represent the current reliability level. Through Eq. 
Vol. 6, No. 7, 2012 equivalent-deterministic constraint more accurately compared to the linear extrapolation. In addition to using different techniques to obtain the penalty, the current study uses Eq. (12) to find multiple penalties for different limit state functions at the same time. Please note that if an RBDO problem only has a single constraint, n in Eq. (12) is equal to 1. The approach proposed by Li et al. (18) extrapolated the penalty based on component reliability.
Thus, each penalty is determined separately through its own iterative procedure. Further, the approach proposed by Li et al. (18) cannot solve a problem in which there are two or more limit state functions with only one reliability requirement. On the other hand, the current study is able to adjust multiple penalties for a system reliability problem through an optimization procedure as indicated in Eq. (12) . Please note that any general reliability analysis methods can be implemented with Eq. (12) . That is, the proposed algorithm allows more accurate methods, including MCS, to be used for reliability analysis for highly nonlinear probabilistic constraints. If the analyzed problem is linear or not highly nonlinear, one may use the reliability index (β) as a measure of constraint satisfaction. For current study, optimization algorithm used in Eq. (12) is the Sequential Quadratic Programming (SQP) algorithm. Optimization algorithm used in Eq. (6) is the Method of Moving Asymptotes (MMA, Svanberg (25) ). It is seen that to find the penalty more accurately, this study utilizes an optimization technique. Furthermore, Equation (12) actually is an RBDO problem. The computational cost may be a concern and is discussed as follows: The proposed algorithm is developed to solve an RBTO problem.
For an RBTO problem, the number of design variable is usually large. However, the number of design variable in Eq. (12) is equal to the number of constraints and is a small number. Thus, the computational cost is reduced through transforming the original RBTO problem to an RBDO problem as described in Eq. (12) . The current reliability depends on D. That is, given different values of D, the calculated equivalent-deterministic constraints are different. Thus, it is necessary to use an iterative process to find the converged solution.
Iteration Procedure of the Proposed Algorithm
Because an RBTO problem often has many design variables, it is not easy to demonstrate the detailed iteration procedure of the proposed algorithm. Thus, to illustrate the proposed algorithm in details, the iteration procedure is first demonstrated by solving an RBDO problem with a single constraint followed by solving the same RBDO problem but with two constraints. The RBDO problem with a single constraint is described as follow.
where Table 1 displays the convergence histories of solutions and penalties. For comparison, the solution history using Li et al. (18) is also provided in Table 1 . The iteration number of the proposed approach is similar to the approach proposed by Li et al. (18) . It is seen that the penalty was gradually decreased to zero because the proposed approach is able to approximate the equivalent-deterministic constraint more accurate at each iteration. The penalties were oscillated in the approach of Li et al. (18) due to the linear extrapolation. It is seen that a design point is needed to calculate the penalty value for both approaches. For the first iteration, an arbitrary point is chosen for this purpose. For other iterations, the point obtained from previous deterministic optimization (DO) is used to calculate the penalty value. However, it is found that in the first iteration, one cannot choose a point that is close to the DO solution with original limit state functions for the approach of Li et al (18) . This may cause a problem because engineers often use a DO solution to launch an RBDO task.
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The reason one cannot select a point near the DO solution is explained as follows: For the second iteration (k=2), the 1 k θ − in Eq. (9) was equal to zero because the optimal deterministic solution was located on the original limit state function. In addition, the 2 k θ − was also equal to zero by definition (Li et al. (18) ). Thus, the penalty was equal to zero and the iteration was trapped at this location which is obviously not the RBDO solution. Table 2 depicts the details in decomposing the RBDO problem at each iteration. Evolution of the equivalent-deterministic limit state function at each iteration was clearly described. For example, the equation for finding the penalty and the formula of the equivalent-deterministic optimization were provided. Through Table 2 , it is seen that an arbitrary point of (5, 5) was used to compute the penalty value at the first iteration. The penalty was 3.03 as shown in Table 1 . Using this number together with Eq. (11), one can determine the RHS value for the first iteration and it was 3.03, as shown in Table 2 . Table 1 indicates that the DO solution of the first iteration was (5.442, 2.721). These two values were then used as the mean value of x 1 and x 2 in penalty determination at the second iteration, as shown in Table 2 . The penalty of the second iteration was 1.385 as shown in Table 1 . Similarly, one can determine the RHS value for the second iteration using the current penalty and Eq. (11) and it was 1.645, as indicated in Table 2 . Above calculations were repeated until the penalty value is less than 0.001 as shown in Table 1 . Convergence criterion is the difference in penalty is less than 0.001 4 the reliability at this design is β=3.0
As mentioned earlier, the above one constraint optimization problem is reanalyzed to demonstrate suitability of the proposed algorithm for a series reliability problem by considering two constraints. The RBDO problem with two constraints is described as follow.
where
( ) . In Figure  1(d) , the final optimal design (d 7 ) of the proposed method is shown. Figure 1 shows that the proposed method attempted to solve an RBDO/RBTO problem via a search for converged equivalent-deterministic constraints in which the target probabilistic performance was implicitly reached. The iteration history of the θi values is displayed in Table 3 .
Thus, solving an RBTO problem can be considered a search process that finds the locations of the desired probabilistic constraints. Because such locations are unknown functions in an RBTO problem, some relative analyses are needed. Instead of searching for the locations of the desired probabilistic constraints, this study proposes a method to solve an RBTO problem via a search for a converged equivalent-deterministic constraint, in which the positions of the desired probabilistic constraints are implicitly designated. 
Calculation Flowchart of the Proposed RBTO
Based on the description above, the flowchart of the proposed RBTO algorithm is provided in Figure 2 . The traditional double-loop is decomposed into two separate analyses. Note that the design variables are a set of fixed values while searching the equivalent-deterministic constraints; similarly, the random parameters are a set of determined numbers while the DTO is conducted. These two analyses are performed sequentially. Thus, a sequence of equivalent-deterministic constraints or optimal designs is obtained. Once the optimal designs are converged, the RBTO calculation is terminated. The step by step procedures are provided as follows. 1. The equivalent-deterministic constraints corresponding to an arbitrary structure are determined. 2. The RBTO problem is reformulated into a DTO problem by replacing the probabilistic constraints with the equivalent-deterministic constraints determined in Step 1. 3. The revised DTO problem formulated in Step 2 is solved. 4. The equivalent-deterministic constraints corresponding to the optimal structure in Step 3 are determined. 5. Steps 2 through 4 are repeated until the calculated optimal designs in Step 4 converge. Fig. 1 The solution procedure of the proposed algorithm Note that the optimization and reliability analysis in the proposed RBTO are executed sequentially. This approach is different than some single loop RBTO approaches (e.g., Silva et al. (13) ). In these prior approaches, the optimization and reliability analyses are solved simultaneously with a single loop of calculation. 
Numerical Examples
Example 1: a Cantilevered Beam
The purpose of this example is to demonstrate the suitability of the proposed algorithm for the RBTO problem. In this example, a cantilever beam subjected to a concentrated load at the free end is investigated. The x-dimension of the beam is 16, and the y-dimension is 10. The Q4 plane element, which is a quadrilateral element with four nodes, is used in the model with size of 0.13 x 0.13. Thus, the total number of design variables is 9000 (120x75). Figure 3 shows the geometry and boundary conditions of the first example. Formulation of this RBTO problem is described in Eq. (15) .
where x is the element density, V(x) is the weight of the cantilever beam, δ max is the maximum displacement of the structure, δ target is the allowable end displacement that is 60, prob target is the required reliability that is 99.865%, U and F are the global displacement and force vectors and K is the global stiffness matrix. The loading at the free end is assumed to follow a normal distribution with a mean value of 1.0 and a standard deviation of 0.1. The Poisson ratio is assumed to have a normal distribution with a mean of 0.3 and a standard deviation of 0.03. The elastic modulus (E) is 1.0. Because results demonstrated here are considered only from the qualitative point of view, the material data and dimensions are given as dimensionless.
For comparison, a DTO problem is also conducted. In the DTO, the optimization objective is the same as that of the RBTO. The constraint is that the end displacement must be less than 60 subjected to a loading of 1 and Poisson ratio of 0.3.
The optimal topologies for RBTO (with an initial density of 0.1 for each element) and DTO are shown in Figure 4 . Table 4 summarizes the optimal volume ratio, the θi value and the reliability evaluated at the optimal design. The probabilistic performance for the optimal design was verified by Monte Carlo Simulation (MCS) with 10 5 simulations. As shown in Table 4 , the reliability requirement is satisfied when using the proposed RBTO. Because this study uses a gradient-based optimization algorithm (MMA), the optimal solution found is not necessary a global optimum. To verify this, another RBTO problem with a different starting point with density of 0.75 was performed. The result is displayed in Figure 4 . As expected, the final topology was different than the previous ones (with densities of 0.1). If the global optimum solution is desired, the optimization problem can be solved from distinct starting points, and the best result can be chosen. Thus, the proposed RBTO algorithm promises to deliver a local optimal solution that will meet the predefined reliability constraints but does not promise to provide a global optimal solution.
The double-loop approach is used to analyze this example to demonstrate the accuracy and efficiency of the proposed approach. For both approaches, the first-order second moment (FOSM) was used for the reliability evaluation. In addition, the adjoint variable method (AVM) is known to be more computationally efficient for problems that have many design variables (e.g., DTO and RBTO) but a small number of constraints (Jung and Cho (10) ). Thus, AVM is adopted in this study to calculate the necessary sensitivity information. The optimal solution from the double-loop approach is displayed in Figure 5 and Table 4 . The function call numbers for the double-loop and the proposed approaches were 1288 and 772, respectively. It is seen that the optimal topology of the double-loop approach was similar to that of the proposed approach but with more computational cost. 
Example 2: Shear Wall with Two Random Design Parameters of Loadings
This example demonstrates the applicability of the proposed algorithm to the RBTO problem with multiple constraints. It consists of a shear wall subjected to two concentrated loads at the middle and top of one side of the wall. The x-dimension of the wall is 36, and the y-dimension is 72. The size of each element (Q4) is 0.75 x 0.75; thus, the total number of design variables is 4608. Figure 6 displays the geometry and boundary conditions of this problem. Similar to the first example, a dimensionless description is provided for the current example. Formulation of this RBTO is provided in Eq. (16) .
in which x is the element density, V(x) is the weight of the shear wall, δ max,i are the top (i=1) and middle displacements (i=2), δ target,i are 1.110 and 0.5 for the top and middle displacements, respectively. prob target,i are required reliabilities and are 99.865% for both constraints. The two loadings are assumed to follow a normal distribution with a mean value of 680.0 and a standard deviation of 68. The objective of DTO is same as that of P 16 10 RBTO. The constraints of DTO are that the top and middle displacements must be smaller than 1.110 and 0.5, respectively. The structure is subjected to two deterministic loading at the top and middle (680). The Poisson ratio is 0.3 and the elastic modulus (E) is 10 5 . Figure 7 shows the optimal topologies of RBTO and DTO. Table 5 displays the optimal weight, the θi value and the reliability evaluated at the optimal design. From Figure 7 and Figure 4 , differences between DTO and RBTO were observed. In addition, differences between the proposed and double-loop RBTO approaches were insignificant. The RBTO solution not only suggested adding more material into the structure but also provided a different solution, which indicates the importance of considering uncertainties in conducting the topology optimization. These results also indicated that, for a structure, it is more efficient to alter the structural topologies than to only strengthen the existing components. DTO solution required less material but had a much lower reliability. Failure probability of DTO solution is usually approximately 50%, which is not acceptable for practical problems. 
Example 3: Application of the Proposed RBTO Using Commercial Software: A Cantilevered Beam with a Concentrated Loading at the Middle of an End Edge
In the proposed RBTO, the RBTO is decomposed into a sequence of two optimization analyses, Equations (6) and (12) . One can take advantage of existing commercial/academic software programs to accomplish an RBTO. Figure 8 is a flowchart for using commercial software to perform an RBTO problem; the flowchart is similar to that shown in Figure 2 . Thus, the proposed RBTO is amenable to implementation with existing software and hence suitable for practical applications. Nevertheless, some issues should be noted when commercial software is used. These issues may include communication between different programs, the precision of finite element analysis (FEA) obtained from different tools, the ability to reproduce the deterministic optimal structure to be used in the search of the equivalent-deterministic constraints and so on. These concerns are addressed in Example 3.
The purpose and motivation of this example is to demonstrate that the proposed algorithm is able to produce an optimal topology similar to that of a previous study (Kim et al. (9) ) using commercial software. Figure 9 shows the geometry and boundary conditions of this example. It is a cantilever beam subjected to a concentrated load of 3000 N at the middle of the free end. L and h are the dimensions in x-and y-directions and they are 0.16 m and 0.1 m, respectively. Each Q8 element is 0.5 cm X 0.5 cm. The name "Q8" identifies the element as a quadratic rectangle with eight nodes. The total number of design variables is 640. The RBTO problem is described in Eq. (17) .
in which x is the element density, V(x) is the weight of the cantilever beam, δ max is the maximum end displacement of the structure, δ target is 0.075 cm and prob target is required reliability that is 99.865%.
The elastic modulus is assumed to be a normal distribution with a mean value of 207 (GPa) and a cov of 0.1. For comparison, a DTO problem is also solved. the objective of the DTO is the same as that of the RBTO; the constraint is that the end displacement must be smaller than 0.075 cm when subjected to a loading of 3000 (N) and an elastic modulus of 207 (GPa) is used.
In the proposed RBTO, the starting structure for a DTO evaluation is not necessarily the output of Eq. (12) . In this example, an identical starting structure is used for each DTO iteration. The density of each element of this starting structure is equal to 1.0. Although the starting structures of DTO in current example are identical, this is not a requirement in the proposed algorithm. Using different starting structures in DTO still can deliver a solution with satisfied reliability as shown in Example 1. In Example 1, two different starting structures are used and both of them can deliver a promising solution. Nevertheless, the solution derived from the proposed algorithm may be a local optimum as shown in Example 1. The structure used for the search of the equivalent-deterministic constraints, however, must be the output of the previous DTO. To be specific, in the current example, the input structure of HyperWorks is always the same, for which the density of each element is 1.0. The input structure to MATLAB depends on the optimization results of HyperWorks. The search of the equivalent-deterministic constraints conducted in MATLAB is basically a series of FEA, for which ABAQUS is used to perform the FEA. The optimal structure generated from HyperWorks has unequal density in each element. For regular FEA software such as ABAQUS, the density of each element in a structure is usually constant. Thus, one needs to transform the optimal design of unequal density into another structure of equal density. This task is accomplished in three steps: (1) exporting the density of each element from HyperWorks, (2) updating the density for each element in ABAQUS, and (3) modifying the element's thickness based on the relative density to the power of the penalty number (i.e., 3 in this study) in ABAQUS. The calculated displacements for the optimal structure produced by HyperWorks and the duplicated structure created by ABAQUS are shown in Figure 10 . Please note that an identical color bar is used for both figures. The color is enlarged and placed at the middle of Figure 10 to clearly display the displacement magnitude. Figure 10 indicates that the displacements of two structures were quite similar. Thus, the duplicated structure was suitable for the search of the equivalent-deterministic constraints.
Figures 11 and 12 display the optimization results of DTO and RBTO obtained from the literature and this study. Table 6 displays the volume ratio, the displacement and the reliability in these two studies. Because this study used a gradient-based optimization algorithm to perform the RBTO, a local minimum may have been obtained. Kim et al. (9) used ESO approach to perform this RBTO problem. In their approach, only densities of 0 or 1 could be assigned to each element, and no intermediate density is allowed in the solution. In addition, the prescribed removal ratio used in their study also affected the results. Thus, one may conclude that the optimization formulation (e.g., ESO and SIMP) and the local optimal nature with the SIMP method both were the reasons for the different topologies in Figures 11 and 12 . As stated, Kim et al. (9) used ESO approach to solve this problem. To make the current results more comparable to their study (9) , this study used a threshold value of 0.995 when plotting the final solution, as shown in Figures 11 (right) and 12 (right). It is important to ensure that this threshold value does not significantly alter the optimal topology. The volume ratio in Figure 12 (right) was approximately 0.54375 after dividing the element number in Figure 12 (right) with the total element number (348/640). The actual volume ratio of the current study was 0.56728 (Table 6 ). That is, only 4.2% elements (1-0.54375/0.56728) were not displayed in Figure 12 (right), which is a small portion of the final solution and is acceptable in practice. Fig. 9 The cantilever beam for DTO and RBTO described in the literature (9) Journal of Advanced Mechanical Design, Systems, and Manufacturing Vol. 6, No. 7, 2012 1334 Fig. 10 The displacement of the optimal structure and duplicated structure (left: HyperWorks; right: ABAQUS) Fig. 11 The comparison of DTO results between the study reported in the literature (9) (left) and this work (right) Fig. 12 The comparison of RBTO results between the study reported in the literature (9) (left) and this work (right)
Another observation drawn from Figure 11 , Figure 12 and Table 6 is that the final results of DTO and RBTO were similar to each other in this example. The RBTO topology was actually the same as that of DTO but with more material on the same loading path. This situation is not necessarily always the case. As demonstrated in Examples 1 and 2, the RBTO topology often provides a more efficient structure in which the topology is different than the one obtained with DTO.
In Figures 11 and 12 , the major components of the optimum topologies were configured in a similar connectivity, although different optimization algorithms were used. Because a moderate difference in optimal design was observed, it is reasonable to claim that the proposed method has the ability to reproduce the optimal design documented in the literature. 
Conclusions
This study converted an RBTO problem into a DTO problem using the equivalent-deterministic constraints to replace the probabilistic constraints. The equivalent-deterministic constraints are found by modifying the RHS of constraints using an optimization technique. The DTO and search of the equivalent-deterministic constraints are repetitively conducted until a converged solution is obtained. One of the advantages of the proposed RBTO is that a RBTO problem is simplified, and thus, existing commercial software can be used to perform a RBTO problem, as demonstrated in Example 3. The reliability performance of the proposed approach is validated and ensured by MCS. Based on results shown here, important, useful and valuable conclusions can be drawn.
1. Using the proposed algorithm, an RBDO/RBTO problem can be efficiently solved via a decomposed approach with ensured accuracy.
2. The proposed algorithm converts a probabilistic constraint into an equivalent-deterministic constraint by modifying the RHS value of the constraint function. Through an optimization technique, multiple RHS values are simultaneously found that enables the proposed algorithm to solve a problem with system reliability.
3. The proposed RBTO is amenable to implementation with existing software and hence suitable for practical applications.
4. The computational cost of the proposed algorithm is reduced through transforming the original RBTO problem to an RBDO problem with a much smaller number of design variable.
